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A theoretical investigation of wave scattering and the active modification of wave scattering

at structural junctions is presented. A resonant and a non-resonant Euler–Bernoulli beam

are coupled, and an external force is introduced at the junction. The external force is

intended for feedforward control in order to manipulate the scattering properties at the

in the case of an incident bending wave. The control effort and the resulting power flow are

investigated for different properties of the beams. By introducing damping in the resonant

beam all incidence wave power is absorbed either passively, in the resonant beam, or

actively, by the force. The results form the basis for a discussion of the possible benefits of

using such a configuration for hybrid passive–active vibration control. The results show that

for certain ratios of bending stiffness and mass the presented hybrid passive–active solution

may offer advantages compared to purely passive or purely active solutions.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Trusses and structural networks that contain junctions of slender beams appear as components in several types of
constructions, such as satellites or vehicle bodies. An adequate knowledge of the vibration properties of such structures is
essential in the design process. Slender beams can often be modelled as one-dimensional waveguides. Several papers have
treated structural junctions of one-dimensional waveguides, e.g. [1,2]. An impedance mismatch at the junction will cause
an incident wave-field to be partly transmitted and partly reflected. This can be described by two scattering matrices: one
reflection and one transmission matrix. The dimensions of these matrices are determined by the number of wave types
considered. A structural junction on a beam, undergoing pure bending motion, can be described by 2� 2 matrices. The first
row of the reflection matrix between two non-resonant beams was published by Cremer and Heckl [3], and the full
matrices were derived by Mace [4]. Mei et al. derived the scattering matrices for a junction on a Timoshenko beam [5].

For several applications it is useful to control the vibrational behaviour at structural junctions, and thereby also control
the wave propagation into the connected beams. In a series of studies, Miller et al. presented different control laws for
junction control. The studied control laws included manipulating the junction’s scattering properties and optimal
controllers for power absorption [6–8]. Scheuren presented two experimental studies investigating active reflection and
transmission control. Two sensors, in the far-field, were used to estimate the amplitudes of a positively and a negatively
propagating bending wave. In the first study, an actuator was placed at a free end and driven to suppress the wave
propagating away from the end, hence creating a non-reflective termination [9]. In the second study the wave amplitude
was used as the reference signal to drive an actuator to block the incident wave, thus cancelling the transmission past the
control point [10]. Non-reflecting beam terminations have also been studied e.g. in [11,12] for Euler–Bernoulli beams, and
in [13] for Timoshenko beams. The use of active control in order to cancel bending waves has been studied e.g. in [14–17].
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Nomenclature

EI bending stiffness
F shear force
M bending moment
C matrix containing geometric relations
Z impedance matrix
Q force vector
W power

a wave amplitude
a wave amplitude vector
v normal velocity
w rotational velocity
u velocity vector
r reflection coefficient
r reflection matrix
z impedance element
k wavenumber
kl wavenumber length product
m0 mass per unit length
x coordinate
e exponential
j imaginary unit

Greek letters

b2 bending stiffness ratio
g2 mass ratio
w the product of b, d and w
d complex stiffness parameter
Z loss factor
x normal displacement
o angular frequency
W propagation matrix
O reflection factor denominator

Subscripts

p propagating wave
N near field
0 evaluated at x¼ 0

Superscripts

þ positively travelling
� negatively travelling
� complex conjugate
diss dissipated
H Hermitian transpose
dp driving-point
act active
pass passive
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Svensson et al. theoretically studied the influence of beam properties on the control effort and power flow, for different
control laws concerning junction control [18]. The beams in this study were non-dissipative and semi-infinite; the latter
implies that no resonance phenomena could be studied. The same authors made a theoretical study of active control at a
structural junction with an impedance formulation [19]. An active force was used to match the impedance at the junction
of an Euler–Bernoulli beam and a sandwich composite. The intention was to investigate the possibility of using such a
solution for hybrid passive–active vibration control. Configurations based on these principles have been used for airborne
sound absorption [20–23]. The results from [19] showed that at frequencies where the sandwich composite has internal
resonances, the control effort might be high and the active force may inject a substantial amount of power into the
composite. For a possible application of hybrid passive–active vibration control this is obviously unfortunate. Several
publications have treated hybrid passive–active vibration control in different variations. Active constrained layers (ACL)
[24,25] and variations of ACL [26–28], have been studied extensively during recent years. There has also been research on
splitting ACL into a passive constrained layer and pure active control [29,30]. A discussion of different passive–active
vibration control configurations can be found in [31]. Despite a substantial amount of research, there seems to be no final
answer as to which is the most effective way to combine active and passive vibration control.

The purpose of the presented paper is to answer some of the questions raised in [19]. Based on the impedance
formulation developed in that study, the junction between a non-resonant and a highly dissipative, resonant Euler–
Bernoulli beam is investigated. An active force is employed to make the junction non-reflective, and thus all incident wave
power is absorbed, either actively or passively. The influence of the beam properties on the power flow across the junction
and on the control effort is investigated. The objective is to investigate whether the properties of the resonant beam can be
chosen in a way which is beneficial for hybrid passive–active vibration control and thus avoiding the high control effort
and power injection which may occur at some resonances, as discovered in [19].

2. Theoretical model

2.1. Euler–Bernoulli beam

Euler–Bernoulli theory describes the vibration field on one-dimensional structural waveguides undergoing pure
bending motion. The homogenous version of the governing differential equation is given by

EI
q4

qx4
xðx; tÞþm0

q2

qt2
xðx; tÞ ¼ 0; (1)
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Fig. 1. A beam-element of length dx. v indicates the translational velocity, w the rotational velocity, M the bending moment and F the shear force.
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where x is the displacement, m0 the mass per unit length and EI the bending stiffness, x and t the length and time
coordinate, respectively. Eq. (1) assumes that m0 and EI are uniform along the x-axis. The complex translational velocity
field on an Euler–Bernoulli beam undergoing harmonic motion can be described as the sum of four wave components
according to

vðxÞ ¼ aþp e�jkxþaþN e�kxþa�p ejkxþa�N ekx; (2)

where aþp and a�p are the velocity amplitudes of bending waves propagating in positive and negative direction, respectively,
aþN and a�N are the velocity amplitudes bending near-fields decaying in positive and negative direction, respectively; j
represents the imaginary unit, k represents bending wavenumber and is defined as

k¼
ffiffiffiffiffi
o
p

ffiffiffiffiffiffi
m0

EI
4

r
: (3)

The time dependence ejot in Eq. (2) has been suppressed for brevity. The velocity, v, is related to the displacement, x,
through a differentiation in time. As this paper is treating bending waves and bending near-fields exclusively, they will be
referred to from now on simply as waves and near-fields.

The translational velocity can be related to rotational velocity (w), bending moment (M), and shear force (F) using the
following relations:

w¼
qv

qx
; M¼

�EI

jo
qw

qx
; F ¼ �

qM

qx
; (4a,b,c)

where the sign convention is chosen according to Fig. 1. The translational and rotational velocities may be expressed as the
sum of the wave components travelling in positive and negative direction, respectively

uðxÞ ¼ uþ ðxÞþu�ðxÞ; (5)

where

uðxÞ ¼
vðxÞ

wðxÞ

( )
; (6)

and

uðxÞþ ¼ CþWþ ðxÞaþ ; (7a)

uðxÞ� ¼ C�W�ðxÞa�; (7b)

where

Cþ ¼
1 1

�jk �k

" #
; C� ¼

1 1

jk k

" #
; (8a,b)

Wþ ðxÞ ¼
e�jkx 0

0 e�kx

" #
; W�ðxÞ ¼

ejkx 0

0 ekx

" #
; (9a,b)
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and

aþ ¼
aþp

aþN

( )
; a� ¼

a�p
a�N

( )
: (10a,b)

The translational and rotational velocities can be related to the internal bending moment and shear force through the
characteristic impedance matrices according to

FðxÞ

MðxÞ

( )
¼ ~Z

þ
uþ ðxÞþ ~Z

�
u�ðxÞ; (11)

where

~Z
þ
¼

EI

o
ð1þ jÞk3 k2

k2 ð1� jÞk

" #
; (12a)

~Z
�
¼

EI

o
�ð1þ jÞk3 k2

k2 ðj� 1Þk

" #
: (12b)

These characteristic impedance matrices were first derived in [32], and represent the impedance associated with a freely
propagating wave and near-field.

2.2. Structural junctions

If wave components travelling in positive direction enter a boundary or discontinuity they will reflect wave
components travelling in the opposite direction. The relation between the wave components in positive and negative
direction is determined by the reflection matrix according to

a� ¼ raþ : (13)

The reflection matrix is determined by the specific boundary conditions at the considered discontinuity or termination.
Consider a semi-infinite beam, with the boundary located at the origin of a Cartesian coordinate system; see Fig. 2. A

semi-infinite beam is non-resonant, which in this case means that the wave components travelling in negative direction
are not reflected. The boundary conditions can be specified through an impedance matrix which relates the translational
and rotational velocities to the shear force and bending moment at the boundary according to

Q 0 ¼ Ẑu0; (14)

where

Q 0 ¼
Fðx¼ 0Þ

Mðx¼ 0Þ

( )
; u0 ¼

vðx¼ 0Þ

wðx¼ 0Þ

( )
: (15a,b)

The matrix, Ẑ, is referred to as the junction impedance matrix, and represents an arbitrary junction. The reflection matrix
for the junction can be expressed in terms of the characteristic impedance matrices and the junction impedance matrix,
according to

r¼ ðC�Þ�1
ð ~Z
�
� ẐÞ�1

ðẐ � ~Z
þ
ÞCþ : (16)

The matrices ~Z
þ

and ~Z
�

are defined in Eqs. (12a) and (12b); and Cþ and Cþ are defined in Eqs. (8a) and (8b). Eq. (16) was
derived in [19]. If e.g. the non-resonant beam is terminated by a free end, the reflection matrix can be found by inserting
the null matrix as the junction impedance matrix in Eq. (16). Examples of different junction impedance matrices and the
corresponding reflection matrices are given in [33]. Though the four elements in the junction impedance matrix
characterise a junction uniquely, the matrix can be approximated by the elements in the main diagonal [34].
Fig. 2. Schematic drawing of a non-resonant beam.
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If the junction impedance matrix represents a system that contains losses, e.g. a dashpot, any incident wave-field will
be partly dissipated at the junction. The dissipated power can be calculated according to

Wdiss ¼ 1
2RefuH

0 Ẑu0g; (17)

where the superscript, H, denotes Hermitian transpose.

2.3. The driving-point impedance matrix of a free–free Euler–Bernoulli beam

The driving-point impedance matrix represents the impedances encountered by an external force and moment
excitation, respectively. The matrix depends on the properties of the beam and its boundary conditions. The driving-point
impedance matrix at the left boundary of an Euler–Bernoulli beam with a free–free boundary condition is given by

Zdp
¼

jEI

o
cosklcoshkl

cosklcoshklþ1

k3ðtanklþtanhklÞ k2tanhkltankl

k2tanhkl tankl kðtankl� tanhklÞ

" #
; (18)

where kl is the product of the wavenumber and length, in airborne sound referred to as the Helmholtz number. A beam can
be modelled to have internal losses using a complex modulus according to E¼ E0ð1þ jZÞ, where E0 is Young’s modulus and Z
is the loss factor. This will in turn result in a complex wavenumber according to

k � k0 1� j
Z
4

� �
; (19)

where k0 is the wavenumber defined in Eq. (3). Inserting this complex wavenumber into the tangential functions in the
driving-point impedance matrix in Eq. (18) yields

tanðklÞ ¼
tanðk0lÞ � j tanh k0l

Z
4

� �
1þ j tanðk0lÞtanh k0l

Z
4

� � ; (20a)

tanhðklÞ ¼
tanhðk0lÞ � j tan k0l

Z
4

� �
1� j tanhðk0lÞtan k0l

Z
4

� � : (20b)

Consider the case where there is at least some damping (i.e. Z40) and where the beam is long in comparison to the
wavelength (i.e. k0lb1). Based on these assumptions, the term tanhðk0lÞ will be close to unity and thus Eqs. (20a) and (20b)
will reduce to �j and 1, respectively. Under the same assumptions cosklcoshklb1. Thus, as k0l increases the matrix in Eq.
(18) will approach the characteristic impedance matrix for wave components travelling in positive direction; see Eq. (12a).

2.4. Reflection efficiency of the junction

The resonant Euler–Bernoulli beam, described by the driving-point impedance matrix in Eq. (18), can be coupled to the
non-resonant beam in Fig. 2, resulting in the configuration given in Fig. 3 without the active force at the junction. The
reflection matrix for this junction can be obtained by inserting the driving-point impedance matrix in Eq. (18), into
Eq. (16). The resulting reflection matrix is given by

r¼
1

O
r11 r12

r21 r22

" #
; (21)

where

r11 ¼ � jw2detð �ZÞ �
ffiffiffiffiffiffi
2w

p
ðg�z11 � bd�z22Þþwð�z12þ �z21Þ � j; (22a)

r12 ¼ ð1þ jÞð1� w2detð �ZÞÞ; (22b)
Fig. 3. Schematic drawing of the junction of the non-resonant and the resonant beams, showing the waves present on the non-resonant beam and an

active force at the junction.
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r21 ¼ ð1� jÞð1� w2detð �ZÞÞ; (22c)

r22 ¼ jw2detð �ZÞ �
ffiffiffiffiffiffi
2w

p
ðg�z11 � bd�z22Þ � jwð�z12þ �z21Þþ j; (22d)

O¼ w2detð �ZÞþ
ffiffiffiffiffiffi
2w

p
ðg�z11þbd�z22Þþwð�z12þ �z21Þþ1; (23)

where detð �ZÞ denotes the determinant of �Z. The matrix �Z is defined as

�Z ¼
cosklcoshkl

cosklcoshklþ1

ffiffiffi
2
p

1þ j ðtanklþtanhklÞ tanhkltankl

tanhkltankl
ffiffiffi
2
p

1�j ðtankl� tanhklÞ

2
64

3
75 (24)

and

b2
¼

EI2

EI1
; g2 ¼

m2
0

m1
0
; d2

¼ ð1þ jZÞ; w¼ bdg; (25a,b)

Here the subscripts 1 and 2 on EI and m0 refer to the non-resonant and resonant beam, respectively. The loss factor Z is
given no subscript as only the resonant beam in this case contains losses. The impedance matrix �Z (Eq. (24)) is
dimensionless and similar to the matrix Zdp (Eq. (18)).

For vibration control purposes it might be interesting to maximise the absorption of vibrational power at the junction,
i.e. minimise Eq. (17). If only an incident bending wave (and no near-field) is considered, minimising Eq. (17) will be
equivalent to minimising the reflection efficiency of the (1,1) element of the reflection matrix, i.e. minimising
10 log10ðjr11j

2Þ. The amount of incoming wave power that is absorbed at the junction will depend on the properties of the
beams.

2.4.1. Behaviour of the impedance matrices

Figs. 4 and 5 show the magnitude and the phase of the impedance elements in the junction impedance matrix and the
characteristic impedance matrix as functions of k0l. The beam properties were chosen as EI1 ¼ EI2 ¼ 5� 1010 N m2,
m1
0 ¼m2

0 ¼ 12 kg=m and Z¼ 0:3, hence b¼ g¼ 1 and d2
¼ 1þ0:3j. The reason for the choice of properties is just to have a

few resonances in the investigated range of kl. Figs. 4 and 5 show that for high values of k0l, the magnitude of the junction
impedance matrix approaches the characteristic impedance matrix which causes the reflection efficiency to decrease. The
phase, however, deviates slightly even for high values of k0l, due to the difference in loss factor. Thus the reflection
Fig. 4. The magnitude of the impedance elements and the reflection factor (r11); —–: Junction impedance (Ẑ); - - -: Characteristic impedance ( ~Z
þ

). Top

left: ẑ11; top right: ẑ12, ẑ21; bottom left: ẑ22; bottom right: r11. The vertical dotted lines indicate where local minima occur in the reflection efficiency.

EI1 ¼ EI2 ¼ 5� 1010 N m2, m1
0 ¼m2

0 ¼ 12 kg=m.
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Fig. 5. The phase of the impedance elements and the reflection factor r11; —–: Junction impedance (Ẑ); - - -: Characteristic impedance ( ~Z
þ

). Top left: ẑ11;

top right: ẑ12, ẑ21; bottom left: ẑ22; bottom right: r11. The vertical dotted lines indicate where local minima occur in the reflection efficiency.

EI1 ¼ EI2 ¼ 5� 1010 N m2, m1
0 ¼m2

0 ¼ 12 kg=m.
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efficiency does not approach negative infinity but a finite value (approximately �28 dB). Following the discussion above, a
lower loss factor in the resonant beam would actually give a lower reflection efficiency for high values of k0l. The value that
the reflection efficiency asymptotically approaches for high values of k0l can be found by replacing the driving-point
impedance matrix (Eq. (18)), in Eq. (16) by the equivalent characteristic impedance matrix for wave components travelling
in positive direction (Eq. (12a)). Figs. 4 and 5 show another interesting aspect. At positions where the reflection efficiency
reaches local minima, the magnitudes of �z11,�z12 and �z21 are close to the corresponding elements in the characteristic
impedance matrix. However, the magnitude of �z22 diverges substantially from ~zþ22. The opposite is true for the phase. This
highlights an important aspect, namely that, in contrast to the case of longitudinal waves, there is no simple relationship
between the impedances which will give a low reflection efficiency of r11. It is the entire expression in Eq. (21) that needs
to be considered. Thus, impedance matching becomes much more difficult compared to the case of longitudinal waves.
2.4.2. Influence of damping

Consider the case when the beams have identical bending stiffness and mass, i.e. b¼ g¼ 1. Note that identical mass and
stiffness do not necessarily mean identical material or geometry. A difference in density between the two beams can be
compensated for by the cross-sectional height, and a difference in Young’s modulus can be compensated for by the cross-
sectional width. For the case b¼ g¼ 1, the loss factor is the only property that differs between the beams. The reflection
efficiency as a function of loss factor for different values of k0l is plotted in Fig. 6. The figure shows that as k0l¼ 1 and 5 the
reflection efficiency decreases, i.e. the absorption increases, with an increasing loss factor in the range Z¼ 020:5. However,
as k0l¼ 50 and 100 there is an optimal choice of loss factor in order to maximise the absorption of incident wave power. A
loss factor which is lower than this optimal value means that the wave power that enters the resonant beam is less
dissipated while a higher loss factor causes a greater impedance mismatch at the junction and thus a higher reflection
efficiency. This highlights the fact that the highest loss factor does not always result in optimal absorption. A loss factor
with a particular frequency characteristic could in this case maximise the absorption of incident wave power for a broader
frequency range, i.e. a broader range of kl.
2.4.3. Influence of stiffness, mass and length

In order to investigate the influence of the stiffness, mass and length of the resonant beam, the reflection efficiency is
plotted as a function of the mass ratio (g2) and kl for different values of stiffness ratio (b2) in Figs. 7–9. The loss factor is
chosen as 0.3, thus d2

¼ 1þ0:3j. The reason for this choice is the desire to investigate a highly damped (but not necessarily
optimally damped) resonant beam, as it is intended for vibration control. Note that it is the real part of kl (i.e. k0l) which is
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Fig. 6. The reflection efficiency as a function of the loss factor, for the case b2
¼ g2 ¼ 1. —–: k0l¼ 1; - - -: k0l¼ 10; � � � � � � : k0l¼ 50; - � - : k0l¼ 100.

Fig. 7. The reflection efficiency in dB as a function of g and kl, for b2
¼ 0:1.
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indicated on the x-axis in the figures. The relation between the real and the imaginary part of kl is fixed through the choice
of the loss factor according to Eq. (19).

Fig. 8 shows that if b¼ g¼ 1, the reflection efficiency is low for large values of kl. This can be expected because, when
there is no significant difference in mass and stiffness between the beams, and the resonant beam is long compared to the
wavelength, most incident wave power will enter and be dissipated in the resonant beam. The same phenomenon can be
seen in Eqs. (20a) and (20b), i.e. for b¼ g¼ 1 and k0lb1 the driving-point impedance matrix for the resonant beam
approaches the characteristic impedance matrix for wave components travelling in positive direction. Note that the
resonant beam contains damping and the non-resonant does not. Hence even though b¼ g¼ 1, the beams still have
different properties given by d.

If ba1, the reflection efficiency approaches a local minimum for ga1 and k0b1. The value of the minima is determined
by the ratio of bending stiffnesses and masses, e.g. in Fig. 7 (b2

¼ 0:1) the reflection efficiency asymptotically approaches
approximately �11 dB for k0lb1 and g2 � 0:9. For all Figs. 7–9, the reflection efficiency reach minima for certain specific
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Fig. 8. The reflection efficiency in dB as a function of g and kl, for b2
¼ 1.

Fig. 9. The reflection efficiency in dB of a function of g and kl, for b2
¼ 10.
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values of g and kl. This indicates that for each mass and stiffness ratio there is a frequency where the absorption of
incident wave power is maximum. This effect can be compared to the principle employed by tuned vibration absorbers;
see e.g. [35].

Figs. 7–9 also show that for small values of kl the reflection efficiency is close to 0 dB (i.e. all incident power is
reflected), independently of b and g. This seems reasonable since when kl approaches zero, the junction approaches
one of the four ideal termination cases, all which have a reflection efficiency of 0 dB. If kl is a non-zero number, the
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four ideal termination cases can be obtained by allowing b and g approach their limits. If b-0 and g-0, the
junction approaches a free end; if b-1 and g-1, the junction approaches a clamped end; if b-1 and g-0,
the junction approaches a guided termination; and finally if b-0 and g-1, the junction approaches a simply supported
termination.

3. Introducing active control at the beam junction

The reflection efficiency is close to 0 dB for large regions in Figs. 7–9, which is unfortunate for vibration control
purposes. Active control may be used in order to achieve a higher absorption of incident wave power in these cases.
External forces and moments, for vibration control purposes, may be introduced in the formulation. This is achieved by
dividing the junction impedance matrix, Ẑ, into a passive and an active part according to

Ẑ ¼ Zact
þZpass; (26)

where

Zact
¼

zact
11 zact

12

zact
21 zact

22

" #
: (27)

The active impedance matrix relates two possible modes of sensing (translational and rotational velocity at the junction) to
two possible modes of actuation (force and moment at the junction) according to

Q act
¼ Zactu0; (28)

where

Q act
¼

Fact

Mact

( )
: (29)

The active force and moment will alter the total junction impedance matrix for a specific control purpose. In this way the
active force and moment will manipulate the reflection matrix at the junction. In order to control all four elements in the
reflection matrix, all four elements in the active impedance matrix have to be chosen appropriately. If the control law is to
only control one element of the reflection matrix, it is necessary to employ only one element of the active impedance
matrix, while the rest may be zero. A specific control law can be derived by first inserting Eq. (26) into (16), and then
specify the desired constraints on the reflection matrix and solve for Zact.

3.1. A non-reflective junction

A control law that may be of interest is the one that creates a non-reflective junction. Non-reflective junctions have
been studied e.g. in [9,12,18] for an incident wave and in [11,19] for incident wave and near-field. To avoid any reflection of
a bending wave in the latter case (i.e. r11 ¼ r12 ¼ 0), two elements in the active impedance matrix have to be given
appropriate values. To avoid a reflected wave in the former case (i.e. r11 ¼ 0), only one element in the active impedance
matrix is needed. Any of the four elements may be used. An obvious choice would be to use the (1,1) element of the active
impedance matrix, because sensors that measure translational velocity and actuators that apply forces have been
successfully implemented in experimental investigations of active control, e.g. [36]. Actually most commonly (as in the
cited publication) the acceleration is measured, the acceleration can then be integrated in order to acquire an estimate of
the velocity. See Ref. [37] for an extensive discussion of different actuators for active vibration control. In order to obtain
r11 ¼ 0, zact

11 is required to be

zact
11 ¼ �

k3
1EI1ð1þ jÞ

o
�
w2detð �ZÞ � j

ffiffiffiffiffiffi
2w

p
ðg�z11 � bd�z22Þ � wð�z21þ �z12Þþ1ffiffiffiffiffiffi

2w
p

bd�z22 � 2j
: (30)

In this case all incident wave power is dissipated, either by the active force or in the resonant beam. The active force is
found by multiplying zact

11 by the translational velocity at the junction according to

Fact ¼ zact
11 vðx¼ 0Þ; (31)

where

vðx¼ 0Þ ¼ aþp ð1þract
11 þract

21 Þ: (32)

The superscript (act) on the elements in the reflection matrix indicate that they are manipulated by the active force.
Through the specified control law ract

11 ¼ 0. Inserting the active impedance matrix, corresponding to the control law in
Eq. (30), into Eq. (16) yields

ract
21 ¼

2jþ2w�z21 �
ffiffiffiffiffiffi
2w

p
bd�z22ð1þ jÞ

2j� 2w�z21 �
ffiffiffiffiffiffi
2w

p
bd�z22ð1� jÞ

: (33)
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Thus, for an incident wave the total translational velocity at the non-reflective junction can be found. Substituting Eq. (33)
into Eq. (31) yields

Fact ¼
aþp k3

1EI1ð1� jÞ

o
�
w2detð �ZÞ � j

ffiffiffiffiffiffi
2w

p
ðg�z11 � bd�z22Þ � wð�z21þ �z12Þþ1

jw�z21þ
ffiffiffiffiffiffi
2w

p
bd�z22

1
2 ð1þ jÞþ1

: (34)

This is the force which is required in order to achieve a non-reflection junction in this case. It is proportional to the
amplitude of the incoming wave and the proportionality constant is determined by the properties of the two beams and
the frequency. This control law assumes that the sensor and actuator are ideal.

3.2. Control effort

The matrix �Z, Eq. (24), is dimensionless and solely dependent on the parameter kl. If the force in Eq. (34) is normalised
by the term aþp k3

1EI1ð1� jÞ=o, the control law depends on the parameters: b, g, d and kl. The normalisation term is the force
required in order to achieve a non-reflective junction at a free end. This force can be found by letting the impedance
elements in Eq. (34) approaches zero. The normalisation provides a good reference for evaluating the control effort, as 0 dB
implies that the control effort is equal to that of cancelling the reflection at a free end. The normalised force level are
plotted as a functions of g and kl for different values of b and a loss factor of 0.3 (i.e. d2

¼ 1þ0:3j) in Figs. 10–12.
Figs. 10–12 show that for a given g, the control effort generally increases as b increases. More force is required to induce

the required velocity if the resonant beam has a larger mass.
Figs. 10–12 show that the control effort is similar to that of cancelling the reflection at a free end, i.e. 0 dB, as g decreases. The

reason is that, for the investigated values of b (relatively low values), the junction approaches a termination similar to a free
end as g decreases. The figures show that some parameter combinations that give a control effort that is lower than the control
effort for cancelling the reflection at a free end (o0 dB). An example of this can be found in Fig. 11 for g¼ 1 and a large value of
kl. For these parameter combinations there is a low passive reflection efficiency; see Fig. 8. If the passive junction dissipates
most of the incident wave, only a small force is required to cancel the remaining reflection. This indicates that choosing the
properties of the resonant beam corresponding to these parameters is beneficial for a hybrid passive–active vibration control
configuration. This means that the control effort is lower than that of absorbing the incident wave power at a free end, and the
active control absorbs the remaining power, which is not dissipated by the purely passive junction.

3.3. Active power flow

The active power, i.e. the power injected or absorbed by the active force, can be calculated according to

Wact ¼ 1
2RefFactv�ðx¼ 0Þg; (35)
Fig. 10. The normalised active force in dB as a function of g and kl, for b2
¼ 0:1.
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Fig. 11. The normalised active force in dB as a function of g and kl, for b2
¼ 1.

Fig. 12. The normalised active force in dB as a function of g and kl, for b2
¼ 10.
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where � denotes the complex conjugate. Through power conservation, the sum of the active power and the power
dissipated in the resonant beam is equal to the incident wave power. Figs. 13–15 show the active power for the same
parameter spaces as in previous figures. The left-hand figure shows the power level normalised by the power carried by an
incident wave, and the right-hand figure shows the sign of the active power. A negative sign means that the active force
absorbs and a positive sign means that the active force injects power. A low power level means that most of the incident
power is dissipated passively in the resonant beam, and only a small part is absorbed by the active force.
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Fig. 13. The power absorbed or injected by the active force as a function of g and kl for b2
¼ 0:1. To the left: the power level normalised to the power

carried by an incident wave; to the right: the sign of the power, �1 (white) means power is absorbed by the active force and þ1 (black) means that power

is injected.

Fig. 14. The power absorbed or injected by the active force as a function of g and kl for b2
¼ 1. To the left: the power level normalised to the power carried

by an incident wave; to the right: the sign of the power, �1 (white) means power is absorbed by the active force and þ1 (black) means that power is

injected.

J.L. Svensson et al. / Journal of Sound and Vibration 329 (2010) 1274–12881286
Figs. 13–15 have large regions where the active force dissipates virtually all incident wave power, this corresponds to
0 dB and a negative sign. At some resonances, the active force does not absorb power but it injects power into the resonant
beam (the black areas in the right-hand graphs in Figs. 13–15). Hence, the power injected by the active force in addition to
the incident wave power is absorbed passively in the resonant beam. At corresponding resonances there is also a high
control effort; see Figs. 10–12. The same phenomena were reported in [19]. For hybrid passive–active vibration control, the
high control effort and power injection are not preferable. In the intersections between the regions in Figs. 13–15 where
power is injected or absorbed, respectively, the active power changes sign and the power level reaches a minimum. Thus
for these parameter values most of the incident wave power is dissipated in the resonant beam. These regions often
correspond to regions in Figs. 10–12 with a low control effort. Regions with a low amount of actively absorbed power can
be found in Figs. 13–15 also for low values of kl, for higher values of g. Thus even in the case where the resonant beam is
short in comparison to the wavelength, it offers high passive absorption in the presence of the active force. However, it
may only be true for a narrow band of kl. Further, this may also require a high control effort which indicates that as a part
of a hybrid passive–active vibration control system, a short and heavy resonant beam is not preferable.

It is possible to find combinations of b and g which give the potential of a hybrid passive–active vibration control
solution which may offer benefits compared to a purely passive or a purely active one. This implies a control effort that is
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Fig. 15. The power absorbed or injected by the active force as a function of g and kl for b2
¼ 10. To the left: the power level normalised to the power

carried by an incident wave; to the right: the sign of the power, �1 (white) means power is absorbed by the active force and þ1 (black) means that power

is injected.
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lower than cancelling the reflection at a free end, and a passive power absorption which is substantially improved by the
presence of the active force. One example is when b2

¼ 0:1 and g2 � 0:5, i.e., the non-resonant beam has 10 times the
stiffness and twice the mass of the resonant beam, and for high values of kl. In this case the passive junction absorbs about
70 percent of the incident wave power. When the active force acts on the system, the resonant beam (passive part of the
hybrid system) absorbs virtually all the incident wave power (about 99 percent). Thus, the active force increases the
efficiency of the passive damping but it does not absorb much power actively. In this case the control effort is about 60
percent of that absorbing all incident wave power actively at a free end. Thus, if the properties of the resonant beam are
chosen appropriately, a hybrid passive–active vibration control configuration, such as the one presented, may offer an
alternative to traditional passive solutions, purely active solutions or other hybrid solutions such as active constrained
layers. However, it may only be advantageous for a limited frequency range (high values of kl).

4. Conclusions

This paper presents a theoretical study of the active control of flexural waves at a beam junction between a non-
resonant and a resonant Euler–Bernoulli beam, where the resonant beam is considered to have structural damping while
the non-resonant beam does not. First the reflection efficiency of the passive junction is studied for different properties of
the resonant beam. The results confirm the expectation that high absorption of incident wave power (i.e. a low reflection
efficiency) is achieved if the beams have similar stiffness and mass and if the resonant beam is long in comparison to the
wavelength. However, high absorption could also be achieved in cases when the resonant beam is not very long compared
to the wavelength, if the beams have a certain stiffness and mass ratio, and kl. In these cases, the resonant beam virtually
works as a tuned vibration absorber. The results also show that when the beams have equal mass and stiffness there is an
optimal choice of loss factor for each value of kl in order to minimise the reflection efficiency. It is not necessarily the
highest loss factor that results in the highest absorption of incident wave power. A too high loss factor may increase the
impedance mismatch at the junction.

An external force is introduced at the junction in order to make the junction non-reflective. The control effort and power
injected or absorbed by the active force are studied for different properties of the resonant beam. The results show that for
a certain ratio of bending stiffness and mass the presented hybrid passive–active solution may offer advantages, in term of
efficiency and control effort, compared to purely passive or purely active solutions. However, this requires a quite specific
design of the resonant beam. This might make such a hybrid configuration impractical for implementation. There is also a
number of other issues that needs to be solved before considering an implementation. Issues such as stability of the control
system, how the system matrices can be measured or estimated from measurements and in the latter case how such
estimation errors might influence the control system.
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